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1 Differentiable manifolds

1.1 Review of multivariable differential calculus
1.1.1 Real-valued differentiable functions

Definition. Let f: U(c R") — R, where U is an open set. Then for 1 < k <

n, the k" partial derivative % ata = (ay,...,ay) € U is defined by:

(ﬁ) :hmf(al,...,ak+h,...,an)—f(a).
0xp a h—O0 h

Definition. A function f : U(c R") — R is said to be continuously differ-
entiable on U (in symbols f € C1 (1)) iffor1 < k < n, (%) is well-defined
and continuous on U.

Afunction f: U(c R") — Ris said to be differentiableat a € U if there exists
constants b,..., b, and a function r(x, a) defined on a neighborhood V >
a in U satisfying the following conditions.

(@ f(x)=fla)+ ) bilxi—a)+lx-alr(x,a).

i=1
(b) limr(x,a)=0.
X—a

Theorem. Let f: U(c R") — R, where U is an open set. If f is differentiable

at a € U, then f is continuous at a, and (%) exists for 1 < k < n and
a

by = (;—Jg;) . Conversely, if (671;) for 1 < k < n exist for each y in some
a
neighborhood V > a and are continuous on V, then f is differentiable at

a.
Definition. Let f: U(cR") — R, where U is an open set. Then:

(a) f issaid to be r-fold continuously differentiable (in symbols f € C" (U))
if all of its r*" order partial derivtaives exists at each a € U and are
continuous on U.

(b) f is said to be smooth (in symbols) f € C*°(U)) if f € C" (U) for each
r=1.
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Definition. A differentiable C” curve in R” is a continuous map f : (a, b) —
R” such that each component function f; : (a, b) — R for 1 < i < n satisfies
fieC'(a,b).

Proposition (Chain rule). Let f : (a, b) — U(c R") be a diffrentiable curve,
and let g : U — R be differentiable at f () for some to € (a,b). Then go f
is diffetentiable at fy and we have:

d " (0g dax;
=5 ()
21 8° N l:zl ox;) e \dt ),

Definition. We say a domain U € R” is star-shaped with respect to a € U, if
for each x € U, the line segment ax c U.

Theorem (Mean Value Theorem). Let f : U(c R") — R be differentiable
and let U be star-shaped with respect to a € U. Then given x € U, there
exists 0 € (0,1) such that:

0x; )a+6(x—1)

fO-f@=Y

i=1

(0
( / (x; — a;).
Corollary. Let f: U(c R") — R be differentiable and let U be star-shaped

with respectto ae U. Iffor1 <k <n,
we have:

g—)é) < k on U, then for any x € U,

|f(x) = f(a)l < kv/nlx—al.
Corollary. If f € C"(U), then at each a € U, the value of any k*" order
mixed partial derivative is independent of the order of differentiation.
1.1.2 Differentiable functions R — R

Definition. Let f: U(c R") — R™, where U is open. Then:
(a) f is said to be differentiable of class r (in symbols f € C" (1)), if f; €
C'(U),forl<i<m.

(b) f is said to be smooth (in symbols f € C*°(U)) is f; € C*°(U), for 1 <
i<m.
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If f: U(cR") — R™ is differentiable on U, then its Jacobian matrix defined
by

oh .. OA
0x; 0xp
Df:=| : :
Ofm .. Ofm
0xy 0xp,

exists at each a € A.

Proposition. A mapping f : U(c R") — R is differentiable at a € U (resp.
on U) if and only if there exists an m x n matrix A of constants (resp. func-
tions on U) and an m-tuple R(x, a) = (r1(x, a),...,r,(x, a)) of functions on
U (resp. U x U) such that |R(x,a)|| — 0 as x — a and for each a € U, we
have:

Fx)=Fa)+AXx—a)+|x—alR(x,a).

If such R(x, a) and A exists, then Aisuniqueand A=Df.

Theorem. Let f : U(c R") — R, where U is open, and let U be star-like
with respectto a € U. If f is differentiable on U with ‘%) <kforlsism

and 1< j<n,foreveryae U. Then:

|F(x)—F(a)l<vnmk|x—al.

Theorem(Chain Rule). Let f: U(cR") - V(cR™) andletg: V —RP. If f
is differentiable at a € U and g is differentiable at b = f(a), then h=go f
is differentiable at x = a and

Dh(a) = Dg(F(a))Df(a).

Corollary. Let f: U(cR") - V(cR™) andlet g: V —RP. If f € C"(U) and
geC’(V), then go f e C"(U).

Let € = {x: (—¢,€) — R": x € Cl(—¢,€), x(0) = a, and € € (0,00)}. Define an
equivalence relation ~ on € by x(f) ~ y(t) is x'(0) = y'(0), for 1 < i < n.
Then there exists a well-defined correspondence

€l ~— V" [x(8)] ~ (x1(0),..., x,(0)), ™)

where V" is vector space of dimension 7 over R.
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Definition. The correspondence in (*) above induces a vector space struc-
ture on ¢/ ~ called the tangent space of R" at a denoted by T,(R").

Definition. A map f: U(c R") — V(c R™)is called a C” -diffeomorphism
if:

(@) fisahomeomorphism and
(b) both f and f! are of class C".

LetU,V,W cR" beopen. Let f: U — Vand g: V — W be onto mappings,
and let h = go f. If any two of these are diffeomorphisms, then so is the
third.

Theorem (Inverse Function Theorem). Let f: W(c R") — R"” be a C”
mapping for some r = 1. If for a € W, Df(a) is non-singular, then there
exists a neighborhood U 3 ain W such that V = f(U) isopenand f: U —
Visa C"-diffeomorphism. In particular, if y = f(x), then

Df 'y =mf)~.

Corollary. Let f: W(c R") — R”, where W is open. If Df(a) is non-
singular at each a € W, then f is an open map.

Corollary. A C*® map f: W(cR") — R" is a diffeomorphism W — f(W) if
and only if D f is non-singular ateach a € W.

Let f: U(cR") — R™. Then the rank of D f(x) is defined to be rank of f at
X.

Theorem (Rank Theorem). Let f : Uy(c R") — V(< R™) be a C"-mapping
and let rank of f be k at each x € Uy. If a € Uy and b = f(a), then there
exists open sets U c Uy and V < V, with a € U and b € V, and there exists
C"-diffeomorphisms g: U — U’ (c R™), h: V — V'(c R™) such that ho fo
g 1(U)cV'and

ho fog (x1,..., xn) = (X1,..., X, 0,...,0).



1.2 Smooth manifolds
1.2.1 Topological manifolds

(i) Definition. A topological space M is said to be locally Euclidean of di-
mension n if for each p € M, there exists a neighborhood U, 3 p and a
homeomorphism ¢, from U to an open set in R", for some fixed n. Each
pair (Uy, @) is called a coordinate neighborhood (or chart of M.

(ii) Definition. An topological n-manifold (or a topological manifold of di-
mension n) is a topological space M with the following properties.
(a) M is Hausdorff.
(b) M islocally Euclidean of dimension n.

(c) M issecond countable.
(iii) Examples of topological n-manifolds.

(a) An open subset of R” is an n-manifold.
(b) The unit sphere S? is a 2-manifold.
(c) The torus T? = S! x S! is a 2-manifold.

(d) The real projective n-space RP" = R"*! — {0}/ ~, where x ~ y, of y =
tx, or equivalently, the space of all lines through the origin in R"*! is
an n-manifold.

(e) If M isasmoothly embedded 2-manifold in R3, then the tangent bun-

dle of M defined by T(M) := | T, (M) is a 4-manifold.
pPEM

(iv) Theorem. A topological n-manifold M has the following properties.

(@) M islocally connected.
(b) M islocally compact.
(c) M is a countable union of compact sets (i.e. o-compact).
(d) M is normal and metrizable.
(v) Definition. A topological n-manifold with boundary is a Hausdorff, second-

countable space, where each p € M has a neighborhood U 3 p such that
U is homeomorphic via (a homeomorphism) ¢ to either:



(a) anopen set of H"” — 0H", where H" = {(x1,...,x,) € R": x, =0}, or

(b) an open setin H" with ¢(p) € OH".
(vi) Examples of manifolds with boundary.

(a) The annulus S! x I is a 2-manifold with two boundary components.

(b) The torus minus a disk is a 2-manifold with one boundary compo-
nents.

(c) The sphere minus 3 (mutually disjoint) open disks (also known as a
pair of pants) is a 2-manifold with three boundary components.

(vii) Theorem (Classification of 2-manifolds or surfaces).

(a) Everycompact, connected, closed (without boundary), and orientable
(resp. non-orientable) 2-manifold is homeomorphic to a sphere with
g =0 handles (resp. g = 1 crosscaps) attached.

(b) Every compact and connected 2-manifold with boundary is homeo-
morphic to a compact, connected, and closed 2-manifold with b =1
mutually disjoint imbedded open disks removed.

1.2.2 Smooth manifolds

(i) Definition. Two coordinate neighborhoods (U, ¢,) and (Uy, ¢ 4) of a topo-
logical n-manifold M are said to be C*-compatible (or smoothly compat-
ible) ift U, nU, # @ implies that both ¢, o (pzll and @40 (pljl are diffeomor-
phisms.

(ii) Definition. A differentible (or C*° or smooth) structure on a topological
manifold M is a family % = (Uy, ¢4) of coordinate neighborhoods of M
that satisfies the following conditions.

(a) The U, cover M.

(b) Forany «, 8, the coordinate neighborhoods (Uy, ¢,) and (Ug, @p) are
smoothly compatible.

(o) If (V,v) is a coordinate neighborhood that is smoothly compatible
with every coordinate neighborhood in %, then (V,y) € %.



If % = (Uy,@,) satisfies just (a) & (b), it is called an atlas for M, and if
an atlas for M also satisfies (c) it is called a maximal atlas for M. Thus, a
smooth structure on M is also known as a maximal atlas for M.

(iii) Definition. A differentible (or C* or smooth) n-manifold is a topological
n-manifold M together with a smooth structure on M.

(iv) Theorem. Let M be a Hausdorff and second-countable space. Let {U,, ¢4}
be a covering of M by smoothly compatible coordinate neighborhoods.
Then there exists a unique smooth structure on M containing these neigh-
borhoods (called the smooth structure determined by the {Ugy, 9 4}).

(v) Examples of differentiable manifolds.

(a) R with the standard topology is a differentiable manifold with a sin-
gle coordinate neighborhood (R", id) determining a structure by The-
orem 1.2.2 (iv).

(b) An n-dimensional vector space over R is a differentiable n-manifold.
Consequently, the vector space M, (R) of n x n matrices over the reals
is a differentiable n2-manifold.

(c) An open subset of a differentiable n-manifold is also differentiable
n-manifold.

(d) The generallinear group GL(n, R) is a differentible n?-manifold since
GL(n,R) = det” }(R\{0}) under the determinant map det : M, (R) — R.

(e) The unit sphere S?> c R3 is a differentiable 2-manifold with the differ-
entiable structure determined by {(U;—’, (p;.—*) :1<i<3}, where

UE ={(x1, %2, x3) €R*: +x; > 0} and ¢pF (x1, X2, x3) = 7; (X1, X2, X3),
where 7; denotes the projection onto the coordinate plane with the

unit vector e; as the unit normal.

(f) The real projective n-space RP" is a differentiable n-manifold with
the structure determined by the coordinate neighborhoods {(U;, ¢;) :
1<i<n+1}, where

U;={qU;):U; = {xeR"': x; #0}} and q : R"*! — RP" is the quotient map}
and ¢; : U; — R" is defined by

_[*1 Xi-1 Xi+1 Xn+1
(pi(xl)---xn+l)_ R EEEY) ’ Yoo .
Xi Xi X Xi
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(g) The Grassman manifold G(k, n) is defined to be the set of k-planes

through the origin in R”. Let F(k, n) denotes the set of k-frames (i.e.
linearly independent sets of k elements) in R”. Define an equiva-
lence relation ~ on F(k, n) by:

X~Y «<— JAeGL(n,R)suchthat Y = AX.

Then G(k,n) = F(k,n)/ ~. Hence, G(k, n) is Hausdorff and the quo-
tient map n : F(k,n) — G(k,n) is open. Given an ordered subset
J=(1,.., jK) of (1,2,...,n) and an A € My, (R), let A; = (a;j,)1<ie<k
be a k x k submatrix of A and A’] be the complementary k x (n — k)
matrix obtained by striking out the columns jj,..., ji of A. Let U;
be the open set of F(k, n) consisting of matrices for which A; is non-
singular and let U; = n(U 7. Then G(k, n) is a differentiable manifold
with a differentiable structure determined by the coordinate neigh-
borhoods {(U}, )}, where ¢; : Uy — My(—p (= R¥"=%) defined by
@(B) = B}.

Theorem. If M is a differentiable m-manifold and N is a differentiable 7-
manifold, the M x N is a differentiable (7 + n)-manifold.

1.2.3 Differentiable functions on smooth manifolds

Definition. Let M be a smooth manifold. A map f: W(c M) — R, where
W is open, is said to be C* (or smooth) if each p € W lies in a coordinate
neighborhood (U, ¢) such that fog™!is C* on (W N V).

Remark. A C*° map as in the Definition above is continuous.

Examples of C* maps.

(@)

(b)
(c)

(d)

The coordinate projections of a coordinate neighborhood (U, ¢) de-
fined by x;(q) = 7;(p(q)), for each g € U are C*°.

If Fe C*®°(W) and V c W is open, then F|y € C®°(W).

If W =u,V,, where V, is open and F € C*® (V) for each a, then f €
C®W).

If f € C*°(W) and (V,v) is a coordinate neighborhood such that V n
W # @, then foy ™! e C®yw(VnW)).

10



(iv) Definition. Let M and N be smooth manifold, and let F: W(c M) — N,
where W is open. Then f is said to be a C* (or smooth) mapping if for
each p € W, there exists coordinate neighborhoods (U, ¢) of p and (V, y)
of f(p) with f(U) c V suchthatyo fop™': @) — @(V)is C™.

)

(vi)

(vii)

(viii)

(ix)

Remark. C*° mappings satisfy the following properties.

(a)
(b)

They are continuous.

The constructions in Examples (b)-(d) also hold true in the setting of
C* mappings.

Definition. Let M and N be smooth manifolds. A C*° mapping f: M — N
is said to be a diffeomorphism if f is a homeomorphism and f~! is C.

Remark.

(a)

(b)

(c)

The relation of diffeomorphism between smooth manifolds is an equiv-
alence relation.

Smooth manifolds with the same underlying topological manifolds
but incompatible C* structures can be diffeomorphic. For example,
consider the smooth structure (R, f) on R, where f () = 3. Note that
f € C*°(R) and is a homeomorphism, but not a diffeomorphism since
f~1(#) = ¥t ¢ C'(R). Furthermore, the smooth structures (R, id) and
(R, f) on R are not C*° compatible. However, R with these two struc-
tures are diffeomorphic.

It is a non-trivial fact that a topological manifold M can have non-
diffeomorphic C* structures. Milnor gave examples of non-diffeomorphic
C® structures on S’.

Definition. Let F : N — M be a differentiable mapping of smooth mani-
folds and let p € N. Let (U, ¢) and (V,¥) be coordinate neighborhoods of
p and f(p) such that f(U) c V. Then the rank of f at p is defined as the
rank of o fop~t:pU) — w(V).

Remark. The rank of f at p is the rank of the Jacobian matrix of o fop™!
atp(p).

(x) Theorem (Rank Theorem). Let F: N — M be a differentiable mapping
of smooth manifolds and let p € N. Let dim(M) = m, dim(N) = n, and

11



rank(f) = k at each point of N. Then there exists coordinate neighbor-
hoods (U, ¢) and (V,y) of p and f(p) with f(U) c V such that:

(@ @(p)=0eR", pU)=Cl0),

(b) v(f(p)=0eR™, (V)=C"(0), and

(C) (Wofo(ﬂ_l)(xly---;xn) = (.X:1,...,Xk,0,...,0).

(xi) Corollary. If f: N — M is a diffeomorphism, then dim(M) = dim(N) =
rank(f).

(xii) Definition. A C*° mapping f : N — M between smooth manifolds is said
to be an immersion (resp. submersion) if rank(f) = dim(N) (resp. rank(f) =

dim(M)).
(xiii) Remark.

(@) Sincerank(f) < max(dim(M),dim(V)) at every point, it follows that if
f is an immersion (resp. submersion), then dim(M) < dim(N) (resp.
dim(M) = dim(N)).

(b) If f: N — M is an injective immersion, then using the correspon-
dence N < f(N), f(N) can be endowed with a topology and a C*°
structure from N under which f: N — f(N) is a diffeomorphism.

(xiv) Definition. Let f : N — M is an injective immersion. Then f(N) is called
an immersed submanifold of M.

(xv) Remark.

(a) Immersions need not be injective.

(b) Even when injective, an immersion need not define a homeomor-
phism onto its image.

(xvi) Definition. An injective immersion f : N — M that defines a homeomor-
phism f: N — f(N) onto its image is called an imbedding.

(xvii) Example of immersions.

(a) The map f: R — R3 be defined by f(¢) = (cos(2rt),sin(27 ), t) is an
imbedding whose image is an infinite helix on the unit infinite cylin-
der with the z-axis as axis.

12
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(i)
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(b) The map f : R — R? defined by f(f) = (cos(2nt),sin(27t)) a (non-
injective) immersion whose image is the unit circle centered at the
origin.

(c) The map f : R — R? defined by f(#) = (2cos(t —n/2),sin(2t — 7)) a
(non-injective) immersion whose image is a figure-eight curve (also
known as a lemniscate).

(d) The map fog, where g(f) = n+2tan"'(¢) and f as in example (c)
above, is an injective immersion that is not an imbedding.

Theorem. Let f: N — M be an immersion. Then at each p € N there exists
aneighborhhod U > p such that f|y is an imbedding of U in M.

1.2.4 Submanifolds

Definition. A subset N of a smooth m-manifold M is said to have the n-
submanifold property if each p € N has a coordinate neighborhood (U, ¢)
on M such that: .

(@ ¢(p)=0eR",

(b) ¢(U) =C(0), and

(© p(UNN)={xeC"(0):Xp+1=...=Xpm =0}

If an N c M satisfies this property, then any coordinate neighborhood sat-
isfying (a) - (c) above is called a preferred coordinate neighborhood.

Lemma. Let M be a smooth m-manifold, and let N ¢ M have the smooth
n-submanifold property. Then:

(a) N with the subspace topology is a topological n-manifold.

(b) Each coordinate neighborhood (U, ¢) on M defines a coordinate neigh-
borhood (Un N, mo@l|y) on M and these coordinate neighborhoods
define an induced C* structure on N.

(c) Relative to the induced structure above, the inclusion N — M is an
imbedding.

Definition.A regular submanifold N of a smooth m-manifold M is a sub-
space of M with the n-submanifold property and with C* structure that
the corresponding preferred coordinate neighborhoods determine on it.

13



(iv) Theorem. Let N’ and M be smooth smooth manifolds of dimensions n
and n respectively, and let f : N' — M be an imbedding. Then:

(@) N = f(N') has the n-submanifold property and is hence a regular
submanifold of M, and

(b) f defines a diffeomorphism f: N’ — N onto its image.

(v) Theorem. Let N’ and M be smooth manifolds of dimensions n and m re-
spectively, and f: N’ — M is an injective immersion. If N is compact, then
N = f(N) is a regular n-submanifold. Consequently, a compact subman-
ifold of M is regular.

(vi) Theorem (Regular Value Theorem). Let N and M be smooth manifolds
of dimensions n and m respectively, and f: N — M be a C* mapping. If f
has constant rank k on N, then for any g € f(N), f~'(g) is a closed regular
submanifold of N of dimension n — k.

(vii) Corollary. Let N and M be smooth manifolds of dimensions n and m
respectively, and f: N — M be a C*° mapping. If m < n and rank(f) = m
at each point of A= f~1(a), then A is a closed regular submanifold of M
of dimension n — m.

(viii) Example of regular submanifolds.

(@) The smooth map f : R" — R defined by f(x1,...,x,) = ;f‘zlxl?. has
constant rank 1 on R” \ {0}. Thus, by the Regular Value Theorem, the
unit sphere §"°! = f ~1(0) is a submanifold of R” \ {0}, and hence R"

of dimension n — 1.

(b) The smooth map f: R3 — R defined by

2
- /42 4 42 2
f(xl,xz,xg)—(a— x1+x2) + X3,

where a > b > 0, has constantrank 1 at each point of the torus f ~L(p?).
Thus, by the Corollary to the Regular Value Theorem, it follows that
the torus is a submanifold of R3 of dimension 2.

14
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1.3 Lie groups and their actions on manifolds
1.3.1 Lie groups

Definition. Let G be a group and a smooth manifold. Then G is Lie group
if the group operation G x G — G : (g, h) — gh and the inverse mapping
G— G:g+~— g ! are C°*® mappings.

Examples of Lie groups.

(@) The general linear group GL(#n,R) is a Lie groups with respect to ma-
trix multiplication.

(b) C* = C\ {0} is a Lie group with respect to complex multiplication.
Note that C* is a smooth manifold with a differentiable structure
comprising single coordinate neighborhood (U, ¢), where U = C*
and ¢ : C* — R? defined by ¢ (x +iy) = (x, y).

Lemma. Let f: A — M be a C*° mapping of C* manifolds. If f(A) c N,
where N is a regular submanifold, then f is a C*® mapping onto N.

Theorem. Let G be a Lie group and H < G be a regular submanifold. Then
with its differentiable structure as a submanifold, H is a Lie group.

Theorem. If G; and G are Lie groups, then G; x G is a Lie group with the
C® structure coming from the Cartesian product of the manifolds.

More examples of Lie groups

(a) By Theorem 2.1(iv) above, S! < C* is a Lie group. Consequently, by
Theorem 2.1 (v), the n torus T" = H?Zl S!isalLie group.

(b) The special linear group SL(n,R) = {A € GL(n,R) : det(A) = 1} is a Lie
group of dimension n? — 1. This follows from the Regular Value The-
orem and Theorem 2.1(iv) since the C* mapping det: GL(n,R) — R*
has constant rank 1 and SL(n,R) = det™!(1).

(c) The orthogonal group O(n,R) = {A € GL(n,R) : AAT = I,,} is a Lie
group of dimension n(n —1)/2. This follows from the Regular Value
Theorem and Theorem 2.1(iv) since the C*° mapping f : GL(n,R) —
GL(n,R) defined by f(A) = AAT has constant rank n(n +1)/2 and
O(n,R) = f~1(I,).

15
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x)
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(i)

Definition. Let G; and G, be Lie groups. We call an f: G; — G» a Lie group
homomorphism if:
(@) fisahomomorphism and

(b) fisa C* mapping.
Example of Lie group homomorphisms.

(@) The map det: GL(n,R) — R* is a Lie group homomorphism.

(b) The (covering) map p: R — S! defined by p(x) = e?** is a Lie group
homomorphism. By extension, p” : R” — T" is a Lie group homo-
morphism.

(c) Consider the covering map p? : R? — T? from the preceding exam-
ple and a line L, = R? through the origin of irrational slope a given
by Ly = {(x,ax) : x € R}. Then p?(L,) is a dense subset of T?. More-
over, p°|r, : L — T? is an injective immersion. Thus, f(L,) is an
immersed submanifold of T2.

Moreover, if g: R — R? is defined by g(¢t) = (t,at), then pzog ‘R— T?
is a Lie group homomorphism and (p? o g)(R) = p?(L,) is Lie group.
However, p? (L) is neither closed or a regular submanifold of T2,

Theorem. If f: G; — G is a Lie group homomorphism, then:

(a) rank(f) is constant and

(b) ker f is a closed regular submanifold of G;.
Theorem. If H is a regular submanifold and a subgroup of a Lie group G,
then H is a closed subset of G.
1.3.2 Lie group actions

Definition. Let G be a Lie group, and X be a smooth manifold. Then G
acts smoothly on X (in symbols G ~ X) is there exists a C*° mapping 0 :
G x X — X satisfying the following conditions.

(a) If e€ Gis the identity, then O(e,g) = g, for all ge G.
(b) If g1,82€ G, then 0(g1,0(g2,x)) =0(g182,x), forall x € X.

Notation
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(a)
(b)

We often write 6(g, x) in the definition above simply as g- x or gx.

For a fixed g € G, we denote by 0, the mapping x — gx, forall x € G.

(iii) Remark. G ~ X if and only if the map G — Diffeo(X) defined by g — 0, is
a homomorphism.

(iv) Definition. Let G be a Lie group, and X be a smooth manifold. Then a
smooth action of G on X is effective (or faithful) if the homomorphism
g — Oy is injective.

(v) Example of Lie group actions.

(a)

(b)

(c)

(d)

(e)

(f)

Let H and G be Lie groups, and ¥ : H — G a Lie group homomor-
phism. Then 0 : H x G — G defined by 0(h, x) = w(h)(x) is a smooth
action.

The natural action of GL(7,R) on R” is a smooth action which has a
unique fixed point {0}. Note that this is a transitive action on R” \ {0}.

If H < GL(n,R) and the inclusion H — GL(n,R) is an immersion or
an imbedding, then restricted action of H on R" is smooth. For ex-
ample, the restricted action of the subgroup

|

which is a two-dimensional regular submanifold of GL(2,R), on R?,
is smooth.

a b
0 a eGL(2,[R).a>0},

The Lie group G = Isom(R") = O(n,R) x R"” of rigid motions in R" acts
smoothly on R” and this action is given by 6 : G x R” — R", where
0((A,b),x)=Ax+Db.

The group GL(n,R) acts transitively on the set 2 of bases of R” (also
known as the space of n-frames of R"). Given a basis f = {fi,..., fu}
of R”, there exists a unique matrix in GL(7n,R) that maps the stan-
dard basis e = {ey, ..., e,} to f. Thus, there is a correspondence % —
GL(n,R), which is a diffeomorphism. Hence, 28 is a smooth manifold
and the action of GL(n,R) on 28 is smooth.

The Lie group O(n,R) acts on R” smoothly and the orbits of this ac-
tion are concentric spheres centered at the origin. Thus, R"/0(n) =
[0,00) which is not a smooth manifold.

17



(vi)

(vii)

(i)

(iii)

(iv)

)

(vi)

Theorem. Let G be a Lie group and H < G in an algebraic subgroup. Then
the map G — G/H is continuous and open. Furthermore, G/H is Haus-
dorff if and only if H is closed.

Definition. The action of a Lie group G on a manifold X is said to be free
if g-x=xforany g€ G and x € X, then it would imply that g =e.

1.3.3 Discrete groups and properly discontinuous actions
Definition. A discrete groupT is a countable group with the discrete topol-
ogy.

Remark. A discrete group is a zero-dimensional Lie group.

Definition. A discrete group I is said to act properly discontinuously on a
manifold M if the action is C™ satisfying the following conditions.

(a) Each x € M has a neighborhood U 3 x such that {h € T': h(U)NU # @}
is finite.

(b) Ifx,y€ M are not in the same orbit, then there exists neighborhoods
Usxand V3 ysuchthat UnT(V)=¢g.

Remark. If a discrete group I' acts properly discontinuously on a manifold
M, then M/T is Hausdorff.

Definition. Let M and M be smooth manifolds, and let 7 : M — M be a
smooth and surjective map. The r is said to be a covering map if at each
p € M there exists a connected neighborhood U 3 p such that:

(a) 771 (U) = u,V,, where V, is open, and
(b) foreach a, nly, : V4 — U is a diffeomorphism.
A neighborhood U satisfying properties (a) and (b) is a called an evenly

covered neighborhood. If there exists a covering map 7 : M — M, then the
manifold M is said to be a covering manifold of M.

Theorem. Let I" be discrete group that acts freely and properly discontin-
uously on a manifold M, there exists a unique C* structure on M = M/T
such that M is a covering manifold of M.

18



(vii)

(viii)

(ix)

x)

(xi)

(xii)

Remark. The rank of a covering map 7 : M — M equals dim(M) = dim(M)
since it is a local diffeomorphism.

Lemma Let G be a Lie group and I" an algebraic subgroup of G. Then
there exists a neighborhood U 3 e such that I'n U = {e} ifand only if I'is a
discrete subspace, in which caseI' =T.

Theorem. Any discrete subgroup I' of a Lie group G acts freely and prop-
erly discontinuously on G by left multiplication.

Corollary. If I is a discrete subgroup of a Lie group G, then G/T" is a C*®
manifold and 7 : G — G/T is smooth.

Theorem. Let 7 : M — M be the covering of a smooth manifold M by a
connected smooth manifold M. Then the group of deck transformations

Deck(r) := {f € Diffeo(M) : fonm = 7}

acts freely and properly discontinuously on M and the quotient map 7; :
M — M/Deck(p) is a covering map. If Deck(r) acts transitively on the
fibers of 7, then ; and M/Deck(rr) can be naturally identified with 7 and
M, respectively.

Examples of discrete group actions.

(@) Theaction Z, xS" — S™ defined by ([1], x) — —x is a free and properly
discontinuous action and under this action, S/Z, = RP". Thus, by
Theorem 1.3.3 (xi), it follows that the quotient map S” — RP" is a
covering map and S” is a covering manifold of RP".

(b) The action Z" x R" — R defined by
((kl,...,kn),(.X'b...,xn))'—’ (xl+klr--'rxn+kn)

is a free and properly discontinuous action and under this action,
R/7" = T" = ;7:181. Thus, by Theorem 1.3.3 (xi), it follows that
the quotient map R"” — T” is a covering map and R” is a covering
manifold of T".
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2 Vector fields on manifolds

2.1 Tangent space at a point on a manifold

(i) Definition. Let M be a smooth manifold. Given any p € M consider the
collection

Cp=1{f:UlcM)—R: feC>®),U isopen, and
U contains a neighborhood of p}.

Define an equivalence relation on Cj, given by f ~ g if f and g agree on
some neighborhood of p. Then €*°(p) := C,/ ~ is called algebra of germs
of C* functions at p.

(i) Remark. Given a coordinate neighborhood (U, ¢) of p € M, the induced
algebra homomorphism ¢* : € (¢ (p)) — €°*°(p) defined by ¢*(f) = fop
is an isomorphism of algebras of germs of C* functions.

(iii) Definition. The tangent space T,,(M) to M at p is the set of all mappings
{€>°(p) — R} satisfying the following conditions for all @, € R, f,g €
€ (p),and X, Y, € T,(M) .
(@ Xplaf+pg) =aX,(f)+pX,(g). (Linearity)
(b) X,(fg) =X,(Ng(p)+ f(p)Xp(g). (Leibnitz rule)
(c) The vector space operations:
(1) (Xp+ Yp)(f) = Xp(f) + Yp(f).
) (@Xp)(f) =aXp(f).
A tangent vector to M at p € M is any X, € T),(M).

(iv) Theorem. Let F: M — N be a C* map of smooth manifolds, and let p €
M. Then:

(@) Themap F*: €°(f(p)) — €*°(p) defined by F*(f) = foF is an alge-
bra homomorphism.

(b) The homomorphism F* the induces a dual homomorphism F, : T),(M) —
Tr(p)(N) defined by F.(X,,)(f) = X, (F* (f)).

(v) Corollary.
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(@) If F: M — M is the identity map on a smooth manifold M, then both
F* and F, are identity isomorphisms.

(b) If H= GoF is a composition of C*° maps on smooth manifolds, then
H* =F*oG* and H, =G, oF,.

(vi) Corollary. If F: M — N is a diffeomorphism of smooth manifold M onto
an open set of a smooth manifold N, then each p € M, the homomor-
phism F, : T,(M) — Tr(p)(N) is an isomorphism.

(vii) Remark. Let M be a smooth n-manifold and let (U, ¢) be a coordinate
neighborhood of p € M. Then by Corollary 2.1 (vi), ¢ induces an iso-
morphism ¢, : T,(M) — Ty (R") at each p € U. Consequently, ¢, :
Ty R™) — T,(M) is an isomorphism and for 1 < i < n, the images E;), =

(p;1 (dix,-) of the natural basis at ¢(p) € ¢(U) determines a basis of T,,(M).

(viii) Corollary. Let M be a smooth n-manifold.

(@) To each coordinate neighborhood (U¢) of a smooth n-manifold M,
there corresponds a natural basis E1, ..., Eyy, of T,,(M), forall p e U.

Consequently,
dim(7T,(M)) = n = dim(M).

(b) Let f be a C* function defined on a neighborhood of p and let f =
fo@™! beits expression in local coordinates relative to (U, ¢). Then:

_(of
Eip(f) = ( axi)(p(m.

(c) Inparticular, if x;(g) is the i’" coordinate function, then:
n
Xp =) (Xp(x))Eip.
i=1

(ix) Remark. Let M be a smooth n-manifold and let (U, ¢) be a coordinate
neighborhood of p € M. Since E;), = ;! (Gixl-)’ we have:

. e | i) _i o -1
Eip(f) = @, (axi (f)_axi(f 4 )XZ(P(P)
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n
In particular, if f(q) = x;(g) and X, = Z a;Ejp,, then we have
j=1

1 1 axi
Xp(xi) =) aj(Ejpx) =) a; (a_) = ai.
j=1 j=1 x] o(p)

(x) Theorem. Let M and N be smooth manifolds of dimensions m and n, re-
spectively, and let F: M — N be a smooth map. Let (U, ¢) and (V,v) be
coordinate neighborhoods such that F(U) c V, and in these coordinates
let F be given by y; = f(x,...,x,), 1 <i < m. Let p be a point with coordi-

nates a = (ay,..., an), Eip = (,0;1 (a%i), 1 <i < m be a basis of T,(M), and

Ejp(p) = ;! (aiyj)’ 1 < j < n, be abasis of Tr,) (V). Then:

(@) For1l <i < n,we have:

mo0y;\ -
F,(E;p) = (—) Bjrp.
ip ]Zzl ox;). Eirw)

n m
(b) In terms of components, if X, = )_ a;E;p and Fs(Xp) = Y_ Ejrp),
i=1 i=1
then for 1 < j < m, we have:

i=1

(xi) Remark. Let M be a smooth submanifold of N, and let F: M — N be an
immersion or an inclusion of M into N. Then we have rank(F) = dim(M),
and hence, F, : T,(M) — Tp,(N) is injective (i.e, an isomorphism onto its
image). Consequently, T,,(M) can be identified with a subspace of T, (V).

(xii) Applications of Theorem 2.1 (x).

(@) Change of basis formula for T,,(M). We apply Theorem 2.1 (x) to the
maps F = $po¢~! and F~!, which give the change of coordinates be-
tween the coordinate neighborhoods (U, ) and (U,®) in Un U on

M.ForpeUnU,let Ejp = ¢! (aixi) and E;, = ¢ (a%) be the bases
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of T, (M) corresponding to (U, ¢) and (U, @), respectively. Then we

have:
0X = .
Eip = ) . Exp,1<i<n, and
k i/ g(p)
N 0x -
¢ 77 ¢(p)

In particular, if:
n n
Xp=) aiEip=) BiEjp
i=1 j=1

then:

no 0x; no0Xj

a; :];ﬁja_)?] andﬁj = izziaiax

(b) Tangent to a space curve. Let F: (a,b) — N be a C* curve. Then
for 19 € (a, b), we have (%)to is a basis for Ty, (M). If p = F(tp) and
f€€*(p), then

i

w(for={2re]

Ip
which is called the to the curve F(1) at p. In particular, if (U, ¢) are
the coordinates around p, then in local coordinates F is given by:
F(8) = (@o F)(1) = (x1(1),..., Xn(8),

where each x; is a function on U. To simplify notation, we write
x;(t) = (x; o F)(f), and we have:

\ae) ™" " Var ),

Applying Theorem 2.1 (x) (with Ey ) = % and the Es replaces with Es),
we have:

d\ & .
F. (E) = i:ZIx,(r)Elp.

When N =R", % is the velocity vector at the point p = (x1 (%), ..., Xn (%))

whose components (at p) are (%(%),...,Xn(%)). This is the vector
vp € T,(R") with initial point p = x(#) and terminal point

(x1 + x1(%0), ..., Xn + Xn(10)).
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If rank,,(F) = 1, then F, is an isomorphism onto its image, and we
identify the tangent space to the image curve at p with the subspace
of T,(R") spanned by v,. On the other hand, if rank,,(F) = 0, then

F.(&)=0.

2.2 Vector fields

(i) Definition. A vector field X of class C" on a smooth manifold M is a map-
ping X : M — T(M) = UpemTp(M) that assigns to each p € M a vector
X, € T,(M) whose components in the local frames {Ej,..., E,p} of any
coordinate neighborhood (U, ¢) of p are of class C" on U.

(ii) Examples of vector fields.

(@) The unit gravitational vector field G on M = R3 — {0} of an object of
unit mass at 0 is a smooth mapping G : M — T(M) defined by

3 .0
Gp) =) — 4

39
o i ox;
_ /22,2
where r =/ x] + x5 + X3.

(b) Given any coordinate neighborhood (U, ¢) on a smooth manifold M,

p

foreachl1<i<n, E;=¢;! (a%) having component §;; is a C* vec-
tor field on U. The set {Ey,..., E,} form a basis for T, (M) at each
p € U called the coordinate frame associated to (U, ¢).

(c¢) Itisknown there non-vanishing C* vector fields on even-dimensional
spheres, while odd-dimensional spheres have at least one non-vanishing
vector field. For example on

4

% = {(x1, Xp, X3, X%4): Y X2 =1},
i=1

there are three mutually perpendicular unit vector fields given by:

axl 6.762 6)(,'3 0x4
0x; 0x 0x3 0x4
Z = —.)64—+.7C?,i—xzi-|-xli
0x; 0xo 0x3 0xy



(iii)

(iv)

)

(vi)

(vii)

(viii)

(ix)

x)

(xi)

Definition. A smooth manifold M with a C*-vector field of bases is said
to be parallelizable.

Lemma. Let N be a submanifold of M, and let X be a C°°-vector field on
M such that for each p € N, X, € T,,(N). Then X|y is a C*-vector field.

Remark. Let N, M be smooth manifolds, and let F: N — M be a smooth
map. Then given a vector field X on N, F.(X}) is a vector at Tr(y) (M).
However, this process does not in general induce a vector field on M. This
is because:

(@) F need not be surjective and

(b) even when F is surjective, there might exist py, p» € N with F(p;) = g
such that F. (X)) # F«(Xp,).

Definition. Let N, M be smooth manifolds, and let F: N — M be a smooth
map. Suppose there exists a vector field Y on M such that for each g € M
and p € F~'(g) € N, we have F.(Xp) = X;. Then we say that the vector
fields X and Y are F-related and we write Y = F, (X)

Theorem. If F: N — M is a diffeomorphism, then each vector field X on
N is F-related to a uniquely determined vector field Y on M.

Definition. Let M be a smooth manifold and F : M — M be a diffeomor-
phism. Then X is said to be F-invariant if F, (X) = X.

Definition. Let G be a Lie group and for a fixed g € G, let Lg : G — G be
left multiplication by g, that is, Lg(h) = gh, for all h € G. Then a vector
field X on G is a said to left-invariant (or invariant under left translations)
if (Lg)«(X) = X forall g€ G.

Theorem. Let G be a Lie group and e € G be the identity element. Then
each X, € T,(G) determines a unique C*-vector field X on G that is left-
invariant. In particular, G is parallelizable.

Corollary. Let G; and G, be Lie groups and F : G; — G be a homo-
morphism. Then to each left-invariant vector field X on G;, there ex-
ists a uniquely determined left-invariant vector field Y on G, such that
F.(X)=Y.
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(i)

(iii)

(iv)

)

(vi)

(vii)

(viii)

2.3 Flows on manifolds

Definition. Let 0 : R — Diffeo(M) defined by 0(¢) =0, be a C*°-action on a
smooth manifold M. Then 6 defines a C*®-vector field X? on M given by
X (p) = X}, where X,0 : €°°(p) — Ris defined by

] T
X, (f) = Al}:r_r}o[f(QAt(p)) - f(p)l.

The vector field XY is called the infinitesimal generator of 6.

Definition. Let 6 : G — Diffeo(M) defined by 6(g) = 6 be a C*°-action on
a smooth manifold M. Then a vector field X on M is said to G-invariant if
(0g)«(X)=Xforallge G.

Theorem. Let 0 : R — Diffeo(M) defined by 6(¢) = 8; be a C*°-action on a
smooth manifold M. Then X? is invariant under 6, that is, (6 (X 0y = x9,
for all £ e R.

Corollary. Let 8 : R — Diffeo(M) defined by 6(¢) = 6; be a C*°-action on a
smooth manifold M. If X, = 0, then for each g in the orbit of p, we have
X, =0.

Theorem. Let 6 : R — Diffeo(M) defined by 6(¢) = 6; be a C*-action on
a smooth manifold M. The orbit of p given is either a single point or an

immersion of R in M by the map ¢ — 0;(p) depending on whether or not
X, =0.
p

Remark. Let 0 : R — Diffeo(M) defined by 0(t) = 6; be a C*°-action on a
smooth manifold M. For f; € R, let % be standard basis of Ty, (R), and let
F(t) =0(p). Since we have

d
F, (E) = Xo,,(p) = XF (1),

it follows that at each p € M, X, is tangent to orbit of p and is the velocity
vector to ¢ — F(¢) in M.

Definition. Given a vector field X on a smooth manifold M, we say that a
curve F: (a,b) — M is an integral curve of X if % = Xp forall £ € (a, b).

Remark. Let 6 : R x M — M be a C°°-action on a smooth manifold M.
Then each orbit of 0 is an integral curve of X%, that s, 6(t, p) = Xy, -
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(ix) Examples of R-actions.
(@) Let M =R?, and 6 : R x M — M be defined by 0(¢, (x,y)) = (x+ ¢, ).
Then X? = %.

(b) If M’ = R?\ {(0,0)}, then the 0 from (a) does not restrict to an action
on M'. However, if we consider the open set W < R x M’ given by

W= (U R x {(x,y)}) u{(t, (x,0)) : x(x+ 1) >0},
y#0

then 6’ = 0|y, preserves most of the properties of 6.

(x) Definition Let M be a smooth manifold and W < R x M be an open set
such that for each p € M, there exists real numbers a(p) <0 < B(p) such
that

Wn®Rx{p}) = (a(p), B(p) x{p},

so that
w = (a(p), B(p) x {p}.

peEM
Then a local one-parameter action (or a flow)on Misa C*®map0: W — M
such that:
(@) Op(p)=pforall pe M.
(b) If (s, p) € W, we have:
D) a@s(p)=alp)-s,
(2) BOs(p))=p(p)—s,and
(3) forany t € (a(p)—s,B(p)—s), we have O, 5(p) =0, 00(p).
(xi) Remark. Let0: W — M be a flow on a smooth manifold M.

(a) Since W is open and (0, p) € W, there exists a neighborhood U 3 p
such that (-6,6) x U ¢ W for sufficiently small 6. Thus, 6 also has a
well-defined infinitesimal generator X? associated to it.

(b) O satisfies 9;1 = 0_;, wherever it is well-defined. In general, 6, need
not define a map on all of M.

(c) Let V; € M be the domain of definition of 8,, thatis, V; ={p € M :
(t, p) € W}. For all p € V;, we have (8,). (X5) = Xp,(p)-
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(xii)

(xiii)

(i)

(d) The curve defined F(t) = 0(p), for t € (a(p), B(p)) is a C* curve,
which is an immersion of (a(p), B(p)) if X, # 0, and is a single point,
if X,, =0.

Theorem. Let 6 : W — M be a flow on a smooth manifold M andlet V, c M
be the domain of definition of ;, thatis, V; = {p € M: (¢, p) € W}. Then:

(@) V;isan open set for all £ and
(b) 0,:V, — V_,is adiffeomorphism with 0,1 = 6_,.

Theorem. Let 6 : W — M be a flow on a smooth manifold M and let X?
be its associated infinitesimal generator. If p € M is such that Xg # 0, then
there exists a coordinate neighborhood (V,¥) around p, a v >, and a corre-
sponding neighborhood V' 3 p with V'  V such that in local coordinates
Ol(—v,v)xv' is given by (¢, y1,...,¥n) — (¥1 + £, ¥2,...,¥n). Moreover, in these

coordinates, we have X = ;! (%) for every point of V'.

2.4 Existence of integral curves

Theorem. Suppose that for 1 <i < n, fi(t,x,...,x,) are C" functions on
(—€,6) x U, where r = 1 and U < R" is open. Then for each x € U, there
exists 6 > 0 and a neighborhood V 3 x with V c U such that:

(@) Foreacha=(ay,...,a,) €V, there exists an n-tuple of C"*! functions
x(t) = (x1(8),...,x, (1) with x; : (-6,6) — U satisfying the first-order

system of ODEs:
dx; ftx),1<i<n *)
= Jill, y =1 =
dr '
with initial conditions
x;i0)=a;,1<i<n. (**)

(b) Foreacha=(ay,...,a,) €V, the x;(f) are uniquely determined in the
sense that any other function X;(#) satisfying (*) and (* *) must agree
with x(f) on an open interval around ¢ = 0.

(c) As the functions x;(¢) are uniquely determined by a = (ay,...,a,) €
V, we can write them as x;(¢, aj,...,a,) for 1 < i < n, in which case
they are of class C” in all the variable and determine a C" map (-6, 6) x
V—-U.
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(ii) Definition. If the right hand side of equation (*) in Theorem 2.4(i) above
is independent of ¢, then we say that the system of ODEs is autonomous.

(iii) Remark. Consider an autonomous system of ODEs as in Theorem 2.4(i),
where the f; depend only on (xy,..., x;).
(@) Define on U c R" a C* vector field X by X = Z?Zl fl-(x)%i_ An inte-

gral curve of X is a smooth mapping F : (a, f) — U such that F(t) =
Xr(p forall x € (a, B). Since F(f) = (x1(1),..., x,(f)), we have:

. dx,- .
F(t) = XF(t) — E = fi(xl(t),...,xn(t)), 1<i<n,
that is, x(#) = (x1(#),..., x,(¢)) are a solution of equation (*).

(b) By Theorem 2.4(i), for each a in a neighborhood V > x, there exists a
unique F(¢) satisfying F(0) = aand F: (-9,6) — U foreveryac V.

(c) IfF(t,a) = (x1(t,a),...,x,(t,a)), then x;(t, a) = f;(x(t,a)) and x;(0,a) =
a;, where each is x; is C*° on ((—-6,6) x V), an open subset of R x U.

(iv) Theorem. Let X be a C*° vector field on a smooth manifold M. Then:

(a) For each p € M, there exists a neighborhood V and a real number
0 > 0 such that there exists a C* mapping:

0V:(-6,0)xV—-M
satisfying _
0" (t,q) = Xov (1 g
and 0V (0,q) =g forallge V.

(b) If F(t)is an integral curve of X with F(0) = g € V, then F(t) = 0" (¢, q),
for all |¢| < 4. In particular, this mapping is unique in the sense that if
(V1,61) is another such pair for p € M, then 0V =0"1 on the common
part of their domains.

(v) Theorem. Let X be a C*° vector field on a smooth manifold M. Then for
each p € M, there exists a uniquely determined open interval (a(p), B(p))
having the following properties:

(@) There exists a C* integral curve F(f) defined on (a(p), B(p)) such
that F(0) = p.
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(vi)

(vii)

(viii)

(ix)

x)

(b) If G is another integral curve with G(0) = p, then the interval of defi-
nition of G is contained in (a(p), B(p)) and F(¢) = G(¢) on this inter-
val.

Remark. Let X be a C* vector field on a smooth manifold M. By Theo-
rem 2.4 (v), two curves of X defined on open intervals I; and I, that co-
incide on I) n I, # @, define an integral curve on I U I,. So, let F(t) =
6% (¢, p) be the unique maximal integral curve such that F(0) = p and let
W =Upem(a(p), B(p)) x {p}. Then:

(a) W and 0% are uniquely determined by X, and W is the domain of 6%.

(b) W and 6% satisfy the following properties.

(1) We have {0} x M c W and 6%(0, p) = p for all p € M.

(2) Foreach p € M, if 0, (1) = 6% (z, p), then 0}, : (a(p), B(p)) — M is
C* maximal integral curve.

(3) For each p € M, there exists a neighborhood V3 pandaé >0
such that (=8,8) x V< W and 8% is C*® on (-6,8) x V.

Corollary. In the notation of Remark 2.4 (vi) above, let s € (a(p), B(p))
and g = 9;,( (s) = 6X(s, p) be the corresponding point of the integral curve
determined by p. Then:

(@ a(q)=a(p)—sand B(q) = B(p) —s. Thus, t € (a(q), f(g)) if and only
ift+se(a(p),B(p)) and

(b) 6%(1,0%(s,p) =0%(t+s,p).
Theorem. Let X be a C*° vector field on a smooth manifold M. Then:

(a) The domain W of 8% is open in R x M and
(b) 6% is C* onto M.

Definition. Let M be a smooth manifold, and for i =1,2,1let0; : W; — M
be one-parameter group actions (or flows) on M. Then we say 8, = 0, if
0,(x) =0, (x) for all x € W3 N Wh.

Theorem. Let M be a smooth manifold.

(@) Fori=1,2,letf;: W; — M be one-parameter group actions (or flows)
on M. Then: 0; = 0, if and only if X0 = x02,
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(xii)

(xiii)

(xiv)

(xv)

(xvi)

(xvii)

(b) Furthermore, every C* vector field X is the infinitesimal generator
of a unique flow 8% : W — M (called the maximal flow generated by
X) whose domain W is maximal among all 6 = 6.

Lemma. Let 0% : W — M be the flow with maximal domain W and in-
finitesimal generator X acting on a smooth manifold M. For p € M, let
0, : (a(p), B(p) — M defined by 6 (1) = 6%(z, p) be the integral curve
of X through p. If B(p) < co and {t,} c (a(p), B(p)) is a sequence such
that t,, — B(p), then 0X(t,, p)} cannot lie on a compact set. In particular,
{6X(t,, p)} cannot approach a limit in M. A similar statement holds for
a(p) with a(p) < oco.

Corollary. Let 6% : W — M be the flow with maximal domain W and in-
finitesimal generator X acting on a smooth manifold M. For p € M, let
0 : (@(p), B(p)) — M defined by 6, (1) = 6% (t, p) be the integral curve of
X through p.

(@) If (a(p), B(p)) is a bounded interval, then the integral curve {9,)9((1‘) :
te (a(p), B(p))}is a closed subset of M.

(b) If X;, =0, then (a(p), B(p)) = Rand if X = 0 outside a compact subset
of M, then W =R x M.

Definition. A C*™ vector field X on a smooth manifold M is complete if it
generates a global action of R on M, that is, the domain of 0% is R x M.

Corollary. If M is a compact smooth manifold, then every vector field on
M is complete.

Theorem. Let X be a C* vector field on a smooth manifold M and let
F: M — M be a diffeomorphism. Then 8% : W — M be the maximal flow
generated by X. Then X is invariant under F if and only if F(0(t, p) =
0(t, F(p)), whenever both sides are well-defined.

Remark. The main assertion in Theorem 2.4 (xv) can equivalently stated
as F,(X)=Xifandonlyif ;0 F = Fo0, forall t € V;.

Corollary. A left invariant vector field on a Lie group G is complete.
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2.5 One-parameter subgroups

(i) Definition. Let G be a Lie group. A one-parameter subgroup of G is the
image F(R of some Lie group homomorphism F:R — G.

(ii) Remark. Let G be Lie group and let F : R — G be a Lie group homomor-
phism. If ¢ : Gx M — M is an action of G on M, then ¢ induces an R-action
¢r:RxM— M on M via F defined by ¢ (t, p) = (F(t), p).

(iii) Example of one-parameter actions.

(@)

(b)

Let G = GL(3,R). Consider the homomorphism F; : R — G defined by
e’ .0 0
F(®=|0 e 0],
0 0 e*

and homomorphism F, : R — G be defined by

ct

at bt+%act2
1
0 1

1
F () =10
0

Since GL(3,R) has a natural action on R3, by Remark 2.5 (ii), each F;
induces an action of R on R3. For example F; induces that action
012, x1, X2, x3) = (e“ x1, € x5, €' x3) with X¢ = 0(a, x) = ¥3_ axi 3.

Consider the homomorphism F : R — SO(3) defined by
cos(at) sin(at) O
F(t)=| —sin(at) cos(at) 0].
0 0 1

Since SO(3) acts on S? by rotations, the action induces an R-action 0
on S? (via F), which defines a one-parameter group of rotations about
the x3-axis given by:

0(t, x1, x2, x3) = (x1 cos(at) + xpsin(at), —x; sin(at) + x, cos(at), x3).

The orbits under this action are the latitudes of S and X? is tangent
to them and orthogonal to the x3-axis.
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(iv)

)

(ii)

(iii)

(c) A Lie group acts on itself by right translation (multiplication) defined
by ¢ : G — Diffeo(G) given by ¢(a) = R,. Then ¢ induces an R-action
0 :R x G — G viaa homomorphism F: R — G given by

0(t,8) = Rr(1(g) = gF(1).

Theorem. Let F : R — g be a one-parameter subgroup of a Lie group G and
let X be left-invariant vector field on G defined by X, = F(0). Then (¢, g) =
Rr(n(g) defines an action 6 : R x G — G such that X? = X. Conversely, let
X be a left-invariant vector field and 0 : R x G — G be the corresponding
flow generated by X. Then F(t) = 0(t, e) is a one-parameter subgroup of G
such that 0(t, g) = Rp»(8)-

Corollary. Let G be a Lie group.
(@) Thereisaone-to-one correspondence between the elements of T, (G)

and the one-parameter subgroups of G.

(b) For Z € T.(G), let {F(¢t,Z) : t € R}, where t — F(t,7), be the unique
corresponding one-parameter subgroup of G. Then R x T,(G) — G is
C®° and satisfies F(t,sZ) = F(st, Z).

2.6 One-parameter subgroups of Lie groups

Definition. The exponential eX of a matrix X € M, (R) is defined by:
X X?
X _
e _1+1!+2!+..., ()

whenever the series converges.
Theorem. Consider the series (1) in Definition 2.6 (i) above.

(a) The series converges absolutely for all X € M, (R) and uniformly on
all compact subsets of M,;R).

(b) The mapping exp : M, (R) — M,(R) defined by exp(A) = e'4 is C®
and Im exp < GL(n, R).

(c) If A,B e M,(R) such that AB = BA, then exp(A + B) = exp(A) exp(B).

Corollary. For an A € M, (R), consider the map F : R — GL(n,R) defined
by F(t) = e'4.
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(@) F(R)isanone-parameter subgroup of R whose corresponding vector
field is given by

(b) All one parameter subgroups are of this form. Moreover, F(0) = A =
(aij).

(iv) Theorem. Let G be a Lie group and let H < G be a Lie subgroup. Then
the one parameter subgroups of H are those one-parameter subgroups
F(R) < G such that F(0) € T,(H) considered as a subspace of T,(G).

(v) Corollary. Let G =GL(n,R) and let H < G be a Lie subgroup.

(a) The one-parameter subgroups H are all of form F(R), where F(1) =
el

(b) Moreover the entries of A = (a;;) are components of the vector

. 0
F(O):Za--( ) € Te(G),
i;j H axl] ¢

e
which is tangent to H at e.
(vi) Examples of one-parameter subgroups.

b
(a) IfA:(

(= ]
S O Q

)eMn(R), then

[« 2

1 ta %actz
ed=[o0 1 tc |eGL(n,R).
0 0 1
(b) Consider H=0(n) < G=GL(n,R). Then
on)={Ae M,(R): e e HVt}={Ae M,(R): AT = — A}.

Hence, dim(o(n)) = n(n—1)/2. Aneighborhood of O € 0(n) is mapped
diffeomorphically by X — e* to a neighborhood of I, € O(n).
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(vii) Definition. The exponential mappingexp: T.(G) — G is given by exp(Z) =
F(1, Z), where for Z € T,(G), t — F(t,Z) is unique one-parameter sub-
group determined by Z.

(viii) Theorem. Let G be a Lie group.

(@) The exponential mapping exp: T.(G) — G is C*°.

(b) For Z € T.(G), let {F(t,Z) : t € R}, where t — F(t,Z), be the unique
one-parameter subgroup of G such that E@©0) = Z.

(c) The Jacobian matrix of exp at 0 is the identity matrix, that is, exp, is
the identity.

(d) If GisaLiesubgroup of GL(n,R), then for each Z € T,(G), there exists
A= (a;j) € My(R) such that

0
Z:Za--( ) .
i,j Y axij e

Moreover, for this Z, we have exp(tZ) = e'4.

2.7 Lie algebra of vector fields

(i) Notation. Let M be a smooth manifold. We denote by X(M), the module
over C*°(M) of all C* vector fields on M.

(ii) We say a vector space £ over R is a (real) Lie algebra if in addition to its
vector space structure, it possesses a product map £ x £ — £ taking the
pair (X, Y) to the elements [X, Y] of £ that satisfies the following proper-
ties.

(@) Itisbilinear over R: Thatis, foranya,feRand X;,Y; € £ fori=1,2,
we have:

D) [aX1+BXe, Y]I=alXy, Y]+ B[X, Y].
(2) [X,aY1+ Y] =alX, V1] + BIX, Yal.

(b) Itis skew-commutative: That is for any X, Y € £, we have:

(X, Y] =-[Y, X].
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(iii)

(iv)

)

(vi)

(vii)

(viii)

(c) Itsatisfies the Jacobi identity: That is, for any X, Y, Z € £, we have:

(X, 1Y, Z11 + Y, [£,X]] +[Z,[X, Y]] = 0.

Examples of Lie algebras.

(a) The vector space R® with the usual vector cross product x is a Lie
algebra.

(b) The vector space M, (R) with the product defined by [X,Y] = XY —
Y X, for X,Y € M,(R), is a Lie algebra.

Remark. Let M be a smooth manifold. In general, given X, Y € X(M), the
product XY, considered as an operator on M, does not determine a C*®
vector field.

Lemma. Let M be a smooth manifold. Given X,Y € X(M) , we have XY —
Y X € X(M) according to the prescription

(XY_YX)pf:Xp(Yf)_Yp(Xf)y

where f € €°(p) and Xf,Y f € €°°(p) are defined by (X f)(q) := X;(f)
and (Y f)(q) := Y,4(f), for every q in some neighborhood of U 3 p.

Theorem For a smooth manifold M, the space X(M) with the product
(X,Y)— [X,Y]isalLie algebra.

Definition. Let M be a smooth manifold and let X,Y € X(M). Let 6% :
W — M be the maximal flow generated by X. Then Lie derivative of Y
with respect to X, is the vector field Lx Y € X(M) defined by:

1 1
(LxY)y=lim~ 0% Yyx(_y,p) = Yy =lim - Y= 0. Vori_)]
ateach pe M.

Remark. Let M be a smooth manifold and let X, Y € X(M).

(a) The tangent vector (LxY), measures the rate of change of Y in di-
rection of X along an integral curve of the vector field through p.

(b) If Z,(1) = (Hi(t)*(Yex(_t,p)) € T,(M), viewed as a curve in R”, then
LXY), = Z,(0).
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(ix)

x)

(xi)

(xii)

(xiii)

(xiv)

Lemma. Let M be a smooth manifold and let X € X(M). Let 0% : W — M
be the maximal flow generated by X. Given p € M and f € C*°(U), where
U > p is an open set, we choose a 6 > 0 and a neighborhood V 3 p such
that 6% ((=8,8) x V)) < U. Then there exists a C*® function g(t,q) defined
on (—6,0) x V such that for g€ V and ¢ € (-6, 6), we have:

fO(q@) = f(g) +1g(t,q) and X,4(f) = g(0, q).

Theorem. Let M be a smooth manifold and let X,Y € X(M). Then we
have:
LxY =[X,Y].

Theorem. Let N, M be smooth be smooth manifolds, and let F: N — M
be a smooth mapping. For i = 1,2 let X; € X(IN) and Y; € X(M) be vector
fields such that F, (X;) = Y;. Then:

F.[X1, Xo] = [F«(X1), Fx (X2)].

Corollary.

(@) The left-invariant vector fields on a Lie group G form a Lie algebra g
with product (X, Y) — [X, Y] and dim(g) = dim(G).

(b) If F: Gy — Gy is a homomorphism of Lie groups, then F, : g; — g2 is
a homomorphism of Lie algebras.

Remark. Let G be e Lie group, H < G is a Lie subgroup, and i : H — G the
inclusion. Then i, (h) is a subalgebra of g, which consists of the elements
of g tangent to H and to its cosets gH.

Theorem. Let M be a smooth manifold andlet X,Y € X(M). Then [X,Y] =
0 if and only if for each p € M, there exists §,, > 0 such that

0y 00, (p) =07 20 (p),

for all |],[s] <& ).
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2.8 Frobenius Theorem

(i) Definition. Let M be a smooth manifold and let dim(M) = n + k. For each
p € M, we assign an n-dimensional subspace A, < T,,(M).

(a) Suppose in a neighnborhood of each p € M, there exists n linearly
independent C* vector fields Xj,..., X; € X(M), which forms basis
for all g € U. Then we say that A is a C*°-plane distribution of dimen-
sionnon M and Xj,..., X, is a local basis of A.

(b) We say distribution A is involutiveif there exists alocal basis Xj,..., X,
in a neighborhood of each point such that:

n
(X, Xj1=) Cf]-Xk, forl<i,j<n,
k=1

where the cl{‘j € C®(M).

(ii) Definition. Let A be a C* distribution on a smooth manifold M, and let
N be a connected smooth submanifold of M. If for each g € N, we have
T4(N) € A4, then we say that N is an infergral manifold of A.

(iii) Example of a plane distributions.

(@ If M=R"*and A = (X; = aix,- :1 < i < n). Then the distribution is
the subspace of dimension 7 consisting of all vectors parallel to R”

ateach g e M.

(b) Let G be e Lie group, H < G is a Lie subgroup, and i : H — G the
inclusion. Then the subalgebra i. (h) of g defines a left-invariant dis-
tribution A on G such that A, = Ay, (H) forall h e H.

(iv) Definition. Let A be a C* distribution on a smooth manifold M and let
dim(M) = n+ k. We say that A is completely integrable if each p € M has
a cubical neighborhood (U, ¢) such that E; = (p;1 (aixi) forl<i<n, area
local basis on U for A.

(v) Remark. Let A be a C* completely integrable distribution on a smooth
manifold M as in Definition 2.4 (iv). Then there exists an integral manifold
N through each g € U such that T,;(N) = A4, that is, dim(N) = n. In fact,
q = (ay,...,an), then an integral manifold through ¢ is an n-slice given by

N=¢ Mxeo):xj=aj,n+1<j<m}
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(ix)

x)

(xi)

0

Furthermore, this distribution is involutive since:

0o o0

[Ei, Ejl =" ox’ 3% =0,1<iandj<n.

A coordinate neighborhood (U, ¢) as above is called a flat with respect to
A.

Theorem (Frobenius). A distribution A on a smooth manifold M is com-
pletely integrable if and only if its involutive.

Corollary. Let (U, ¢) be a flat coordinate neighborhood relative to an invo-
lutive n-plane distribution A on M. Then any connected integrable man-
ifold C c U must lie on a single n-slice

Sa=1qgeU:xi(q)=a;,n+1=<i=<mj.

Theorem. Let M be smooth manifold of dimension n+ k and let N € M be
an integral manifold of an involutive distribution A with dim(N) = dim(A).
If F(A) c N is a C*° mapping of a manifold A into M such that F(A) c N,
then F is a C*° mapping into N.

Definition. A maximal integral manifold N of an involutive distribution A
on a smooth manifold M is a connected integral manifold which contains
every connected integral manifold that it intersects.

Remark.

(a) If N is the maximal integral manifold of an involutive distribution A
on a smooth manifold M, then dim(N) = dim(A).

(b) At most one maximal integral manifold that can pass through a point
pEM.

Theorem. Let G be a Lie group, g its Lie algebra, and let §) be a subalgebra

of g. Then there exists a unique subgroup H < G whose Lie algebra is .

2.9 Homogeneous spaces

Definition. A smooth manifold M is said to be homogeneous space of the
Lie group G if there exists a C* action of G on M.
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(iii)

(iv)

)

(vi)

Examples of homogeneous spaces.
(a) Since the Lie group O(n) has a transitive action on §n1 gn-lig g
homogeneous space of O(n).
(b) Since the Lie group GL(n,R) has a transitive action on R"\ {0}, R"\ {0}

is a homogeneous space of GL(n,R).

Theorem. Let G be a Lie group and H a closed Lie subgroup. Then there
exists a unique C* structure on G/ H with the following properties.
(a) The canonical projection 7: G — G/ H is C*™.
(b) Each g € Gisin the image of a C* section (V,0) on G/ H.
(c) ThenaturalactionA: GxG/H — G/Hisa C* actionand dim(G/H) =
dim(G) —dim(H).

Lemma. If H is a connected Lie subgroup of a Lie group G, which is closed
as a subset of G. then:

(a) Each coset gH is closed.

(b) Thereisa cubical neighborhood (U, ¢) of any g € G such that for each
coset xH € G/ H either xHNU = @ ora xH N U is a single connected
slice.

Theorem. Let G be a Lie group with a transitive action§ : Gx M — M on a
smooth manifold M.

(a) The mapping F : G — M defined by F(g) = 6(g,a) is C* and rank
equal to dim(M) everywhere on G.

(b) For a € M, the stabilizer subgroup H = Stabg(a) = {g € G:04(g) = a}
is a closed subgroup of G. Hence, G/ H is a C* manifold.

(c) The mapping F : G/ H — M defined by F(gH) = F(g) is a diffeomor-
phism. Moreover, if A : G x G/ H— G/ H is the natural action of G on
G/H,then FoAg=0g0F,forall geG.

Example of Lie groups realized as closed stablilizer subgroups.
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(a) We know that that Isom(R") = O(n) x R". Consider the Lie subgroup
of G of GL(n + 1,R) defined by

A VT "
G_{(O...O 1).A€O(n)andV€R}

and the set

T
X:(X1 ):XE[RZ”}.

Then G acts transitively on X and Staby(0) = O,. Hence, O(n) is a
closed subgroup of G.

(b) Consider the transitive action of the Lie group G = SL(n,R) on RP"
via the action (g, [x]) KR [gx]. Then:

Stabg([(1,0,...,0)]) ={A = (a;j € SL(n,R) : a;; # 0 and a;; =0, for i > 1}.

(c) Consider the transitive action 0 : G x M — M of the Lie group G =
GL(n,R) on the Grassmanian M = G(k, n), the set of k-frames through
the origin. For a k-plane P € M, let H = Stabg(P). Then G/H =
G(k, n) and hence G(k, n) is a manifold.

(vii) Remark. If a Lie group acts transitively on set X in such a way that the
stabilizer subgroup of a point a € X is a closed Lie subgroup, then there
exists a unique C* structure on X such that the action is C*°.
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